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ON THE STRUCTURE OF FINITE CONTINUOUS GROUPS WITH A 

FINITE NUMBER OF EXCEPTIONAL INFINITESIMAL 

TRANSFORMATIONS. 

By S. D. Zeldin. 

1. In a former paper* I have discussed the conditions to be imposed 
on a finite continuous group with a single exceptional infinitesimal trans- 
formation in order that some of the structural constants may be simpli- 
fied. It is the object of this paper to extend these discussions to groups 
with any finite number of exceptional infinitesimal transformations. 

2. Let the group G be generated by r + g (r, g integers) infinitesimal 
transformations, and let their corresponding operators be X u X*, • • • , X T , 
Xr+i, ■ • • , X r +g, where 

Xi = £i,l(£l, • • ', Xr+i,) -jj— 4" " - " Si.r+ffO^l, ' " - , X r+Q ) XZ , 

(i= 1,2, •••,r + ff). 
These operators must satisfy the symbolic equation 

(X it X;) - l!ciy*Xtt (t, j = 1, 2, • • ., r + g), 

where (X„ X,) = X t Xj — XjX if and the c.jt's are the structural constants 
of the group G. Denoting the operators, corresponding to the trans- 
formations of the adjoint of G, by the symbols E\, E», ■ ■ -, E r , E T +\, 
■ ■ • , E r +o, where 

Ei^'EH ajC ijk j— (i = 1, 2, • -..-, r + g), 

;=l k=\ OOik 

we must have+ 

(Ei, Ej) = r £c jik E k (i, j = 1, • • ■, r + g). 

k=\ 

We shall make the following assumptions about the group G: 
(a) It has g( g r) exceptional infinitesimal transformations. 
(6) The adjoint of G' (which, we shall show, is isomorphic with G) 
has one invariant spread. 



* ''On the Structure of Finite Continuous Groups with a Single Exceptional Infinitesimal 
Transformation," Dissertation, Clark University, 1917. 
t S. Lie, Continuirliche Gruppen, p. 3S5. 
+ S. Lie, Continuirliche Gruppen, p. 467. 
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3. For simplicity let us take X r +i, A" r+2 , ■ • ■, X T+g to be the g excep- 
tional infinitesimal transformations of G, i.e., 

cv v\ V, v /i - 1, 2,- •■■,r, r + 1, ■•■ > r + ^\ 
(A,-, A>) = 2-Cij t -At I • _ , 9 r I 

and 

(X, 



\J = r + 1, •••, r + gj 



There will then be a linear relationship with constant coefficients between 
the operators Ei, • • ■, 2? r +», i.e., we can find constants Xi, • • •, \ r +g, not 
all zero, for which* 

(A) \ 1 E 1 + X 2 £ 2 + • • • + \r +g E r+s = 0. 

The solution of equation (A) is evidently Xi = X 2 = X 3 = • • • = X r = 0, 
while X r +i, X r+2 , • • •, X r +„ are arbitrary constants. Since 

Er+l — E r +2 = • • • = Er+Q = 0, 

it follows that 

(Ei, Ei) = E c,- y ^* (i, j = 1, 2, • • -, r). 

i=i 

Therefore, if G contains just g exceptional transformations, there exists a 
group, say G', with r essential parameters generated by r infinitesimal 
transformations Y\ } • • • , Y r , where 

Y, = Z iik(yi • • • Vr) j— , 
such that 

(F«, Fy) -£c iik Y k (i,j = 1,2, ...,r). 

We shall denote the operators of the adjoint of G' by the symbols s u $ 2 , 
• • •, <? r , where 

5 » = 2 12 OijCjik j— -t 

4. Since we assumed that the adjoint of G' has just one invariant, it 
follows that the nullity of the matrix 

(2a,-c,-ii, Sa.c.oi, •••, 2a,-c,>i) 

r 

i=i 



* S. Lie,- Continuirliehe Gruppen, p. 465. 
t The a's are the parameters of the group G. 
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r 

is equal to one,* i.e., at least one of the minors of the determinant 23 a^'; 



of order r — 1 is not zero. But every minor of 



2 oaSi is also a minor of 



2a.-c.-u, 



1=1 



• • •, 'Za.iCi.T, i, 0- • -0 

• • •, 2(XiCi,r,r, 0- • -0 

-a,-C,-.i,, + i, •••, Sa.C.-.r.r+i, 0---0 

2aiC,-,i,r+», •••, 2a,c 1 -, r , r+! „ 0- • -0 



ia.-C.-.i.r, 



Therefore at least one minor of 



i = l 



of order r — 1 is not zero, and 



thus the nullity of the matrix ZaiEi can not exceed g + 1. Further- 
more, for «i, • • •, a r , or r +i, • • •, a r + g assigned, the symbolic equations 






(B) 

are clearly satisfied for 

(1) Vl = ai, • • •, 7/ r = a r , Vr+l = Vr+2 = • • • = TJr+g = 

(2) 771 = 772 = • • • = t] r = 0, T/r+l = 1, f/r+2 = • • • = 77 r+17 = 

(3) 771 = 770 = • • ' = 77 r = 77 r+ l = 0, 77 r+ 2 = 1, 77 r+3 = • ■ • = 77 r+ „ = 

(g + 1) 7/! = = tjr+g-l = 0, 77 r+ „ = 1 

But from the equations (B) follows the symbolic system of equations 



2a,-£i(77 1 , 



•> Vr, • • •, Vr+g) 

(2a.-C.-i, • • •, Za.Cri, 0- • -0{i7i, ■ • •, r/r, • • •, r?r+») 



-O.f 



: ZajCar+0, • • •, Zaidrr+g, • * • j 

This system has g + 1 independent solutions, namely 

(1) th = ai, 772 = a 2 , • • •, 7? r = a r , 7; r+ i = • • • = t\ r + Q = 

(2) 771 = • • • = 77 r = 0, 77 r+1 = 1, TJr+2 = • • • = tjr+g = 

(3) 77i = • • • = 77 r+ i = 0, 77 r+2 = 1, 77r +3 = • • • = Tfr+g = 



(g + 1) 771 = • • • = 7? r = 



— 77 r+a _i — 0, ■qr+g — 1. 



* See proof in my dissertation, Clark University, 1917. 

t This notation is taken from A. Cayley; see Philosophic Transactions, v. 148, 1S5S, pp. 
39-46. 
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r+p 

Therefore the nullity of the matrix 52 a >E< is at least g + 1. The nullitv 

of the matrix 52 a,-£,- is thus just equal to <7 + 1. 

5. The number of invariants of the adjoint of G. Since the nullity of the 

r-rp 

matrix 52 onEi is equal to gr + 1, the adjoint of G must have g + 1 inde- 
pendent invariants, i.e., the system of r partial differential equations 

-EVOl • • • dr+g) = 51 djCljl V— + • • • + 52 CljClj, r+g 7— = 0, 



(C) 



E r f (a X - • • <X r+g ) = 52 ajCrjl-Z— + ••• +12 OtjVlj. r+g T~ = 0, 

j=\ ooli j-x oa r+g 



will be satisfied by g + 1 independent functions 

/= ^l(ai- • •OCr+g), <P*(dl- • -Otr+g), •••, <Pg+l(<Xi- ■ -OCr+g). 

We have assumed that the adjoint of G' has one invariant, i.e., the system 
of partial differential equations 

Si/(«i- • -ar) = H ajCiji-T— + • • • + 2«jCi ; >t— = 0, 
;=i o«i .=1 Oa r 



(0) 



c« r /(ar • ■ a T ) = £ a/CrjiT- + ■ ■ ■ +23 ajC r ,>-r-- = 0, 



is satisfied by only one function /(«i- • -a r ), and all the other solutions of 
(D) can be expressed as linear functions of/. It is clear that/(ai- • -a r ) 
(the solution of (D)) will also satisfy the system (C), for, 

df(ai---otr) df(a>i---a T ) df(ai---a r ) 



da r+ \ da r +2 da r + g 



= 0. 



"We may state, therefore, the following 

Theorem: If the adjoint of G' has one invariant, the adjoint of G has 
then g + 1 independent invariants, one of which is the invariant of the adjoint 
ofG'. 

6. The intersections of the spreads invariant to the adjoint of G. Suppose 
that (fiiia) is the function, invariant to both the adjoint of G and the 
adjoint of G'. Let then <pi{a) = 0, <pz{a) =0, • ■ ■, <p g+1 (a) = 0, the re- 
maining g spreads invariant to the adjoint of G, be all flats of order 
r + g — 2 in the r + g — 1 space, and let their common intersection 
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(if there is any) be an r — 1 flat. This flat will be represented by the 
equations 



(F) 



(filial- • -(Xr+g) = 0, 

<?i{a x - • -ar+g) = 0, 
<p 9+ i(ai- • -ar+g) = 0. 



It is evident that this common intersection will also be invariant to the 
adjoint of G. 

Let us consider g points a (1) , a (2) , • • •, a (i) , • • •, a (ff) in the space of 
the adjoint of G, the coordinates of a (i) (i = 1, 2, • • •, g) being all zero 
except the (r + i)th which shall be taken equal to unity. We may take 
a (i) (i — 1, 2, • • •, g) to correspond to the invariant subgroups, X r+i 
(i = 1, 2, • • •, g) of order one of the group G. Then, in the space of the 
adjoint of G there will be g points invariant to all the transformations of 
the adjoint of G* 

If, now, the (r — 1) flat (F) does not pass through any of the points 
a (1) , a (2) , • • •, a (fl) , then, by Lie's theorem,f we can take X u X 2 , • • •, X T , 
Jr+i, • • •, X r +g such linear functions of the operators Xi, X 2 , • • •, X T , 
A r +i, • • •, X r +g that 

X\, X 2 , • • • , X r 

will form an invariant subgroup of order r of the adjoint of G, i.e., 

• • Cijr+l == Cijr+2 = • • • = Cijr+g = U. 

7. Let us now suppose that <?i(a), • • •, <p 9J _i(a) are not flats but alge- 
braic spreads of orders nu, m 3 , • • •, m 9# i respectively. 'There will then 
be g- polar flats of the points a (1) , a ( '-\ • • •, a ( " ) taken with respect to 
<Pi{a), •••, <pg + i(a). If the spreads ^(a), • • •> <fg+i(ct) do not pass 
through any of the points a a) , a (2) , • ■ •, a (B) , then the r — 1 flat, the com- 
mon intersection (if there is any) of g of the g 1 polar flats, will not pass 
through any of those _points. It will therefore be possible, as we have 
shown_ above, to take X lt ■ ■ ■, X r+V such linear functions of X u • • ■ , X r+g 
that Xi, Xi, ■ ■ •, X T will form an invariant subgroup of G, i.e., 

Cijr+l — Cijr+2 = • • • = Cijr+g = 0. 



* See S. Lie, Continuirliche Gruppen, p. 468. 
t S. Lie, Continuirliche Gruppen, p. 479. 
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8. The case might arise when v«(a) passes through one of the points 
a m , • ■ •, a (3) , say through a a \ but not through the others, and <s- 3 (a) 
passes through a C2) , but not through the others, etc. Then the polar 
flat of a n) with respect to c 2 (a) will also pass through that point; simi- 
larly, the polar flat of a ( - } qua <pi(a) will pass through a { ' 2) , etc. The 
common intersection (if there is any) of those g- polar flats may or may 
not pass through all the points a (1) , a <2) , • • •, a ia \ If the common inter- 
section is an r — 1 flat not passing through those points, then we come to 
the case which we have already discussed above. If, however, it does 
pass through them, then by Lie's theorem, to which reference was made 
above^we can_choose A'i, • • •, X, +g such linear functions of Xi, • ■ •, X r+a 
that Xi, • • ', X r form an invariant subgroup of order r of G, g of which 
are the operators X r +u X T+2 , • • •, X r + g - 

We shall then have 

^i,Xj)-^,c Uk X k { j = 1) 2,... )r )' 

and assuming, for simplicity, that 

X r -g+\ = A r +1, X r — +2 = X r+2, ' • ', X r = Xr+gj 

we shall have 

(x, xi) = i +i c iik x k Q : \'l' g ' + \ r )r _ g + 2> ... )r ). 

But that means that G' which has the same structural constants as the 
corresponding r — 1 operators of G, has an invariant subgroup of order g, 
which is contrary to the assumption that the adjoint of G' has one invari- 
ant spread, while an invariant subgroup of order g of G' would necessitate 
an invariant g — 1 flat of the adjoint of G* 

Massachusetts Institute of Technology, 
March 28, 1920. 



* S. Lie, Continuirliche Gruppen, p. 479. 



